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In recent numerical calculations of the one-phonon inelastic neutron scattering in Bravais
quantum crystals, the existence of an extra unexplained peak in the scattering cross section

has been reported.

It is suggested here that this peak is due to two-phonon production via an

intermediate virtual phonon. An analytic calculation in one dimension is done to derive a
simple approximate dispersion rule wff) =~ 2wy/g for these extra peaks. The possibility of

the existence of two-phonon bound states or resonances is then considered and included analyt-
ically to show that the primary effect is to enhance the two-phonon production peak and shift

its frequency.

I. INTRODUCTION

Recent, rather sophisticated, calculations of the
one-phonon inelastic neutron scattering by very an-
harmonic crystals such as neon® and body-centered
cubic helium ? have demonstrated an unexplained
additional peak (or neutron group) with a longitudinal
polarization at frequencies above the usual phonon
modes. This peak cannot represent an optical mode
since these crystals are of the Bravais type. One
purpose of this paper is to suggest that the addition-
al peak can be produced by a resonance in the sim-
ple cubic-anharmonic bubble diagram | Fig. 1(a)]
which corresponds, in a neutron-scattering experi-
ment, to the process indicated by the diagram in
Fig. 1(b) where a neutron (wavy line) scatters in-
elastically, producing a virtual phonon (solid line)
that decays into two phonons via the cubic interac-
tion. This simple diagram is common to the calcu-
lations of Goldman et al.' and Horner.? In the cal-
culation by Goldman ef al. ' in neon, however, not
only the simple bubble diagram but also the entire
string of repeated bubbles [as shown in Fig.1 (c)]
were included; this class of diagrams is just that
class which corresponds to the Born series for the
mutual scattering of the two phonons via the quartic-
anharmonic interaction, and which would show the
existence of a bound state or resonance (if it exists)
by a sharp peak. Similar phonon-phonon reso-
nances (or roton-roton resonances) have recently
been predicted and seen in liquid helium, ® and in
solids. * Thus, a second purpose of this work is to
calculate this effect analytically and show that its
dispersion throughout the Brillouin zone is not much
different from that for the simple two-phonon pro-
duction without the resonance, but that it can give
an enhancement and shift in frequency of the simple
two-phonon production peak.

We proceed in a manner somewhat unusual for
quantum crystals, namely, by calculating the dia-
grams of interest by simple (non-self-consistent)
perturbation theory. However, the purpose of this
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work is merely to direct the reader to the structure
and physics lurking in the perturbation theory
which, since the effects seem to persist in more
sophisticated calculations, might be expected to be
of some importance for real materials.

We calculate the diagrams shown in Fig. 1 analyt-
ically for a linear chain with nearest-neighbor
forces. Our Hamiltonian is of the form

2
H=}] 21—+(2!)" 20 8, Hu;u
7 2M i

+ (BN 2 96, 4, Du;u;u,
44,1

+@nt 2 ey, Gy L, mu;uyuyty , (1)

iydylym

where p; and u; are the momentum and displace-
ment of the ith atom, respectively, where M is the
atomic mass, and where
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are the harmonic, cubic-anharmonic, and quartic-
anharmonic force constants, respectively, where
8i,i1,... 18 the quasi-Kronecker-delta which is 1
whenever i=j=7=,.., and zero otherwise. The

Fourier components of these force constants are
®(k) = 4aysin® zha= Mw? sin®s ka= Mw?,  (3a)

and, generally,
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FIG. 1. Simple cubic-anharmonic bubble diagram (a)
corresponding to the physical process (b) where a neutron
(wavy line) scatters inelastically, producing a virtual
phonon (solid line) that decays into two phonons by the
cubic-anharmonic interaction. The repeated scattering
of two phonons by the quartic-anharmonic interaction (c)
which can lead to two-phonon bound states.
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where A=1 whenever k,+kz+...+k,=K, a recip-
rocal-lattice vector, and where the exponential
factor is thus always + 1( —1)for even- (odd -) order
umklapp processes (this factor always appears
squared and thus never matters in the processes
considered here).

We calculate the one-phonon retarded Green’s
function® defined in configuration space by

Gln, my t=1")= = ([uln, 0, ulm, £)])r0(t=1)

=K uln, B); ulm,t'))), (4)

where ([...,...])r is the thermal average of the
commutator. It is Im[G(k, w)] which gives the one-
phonon inelastic neutron scattering directly. The
harmonic value g(k, w) of the Fourier components
of Eq. (4) are given by

gk, w)=M"(w?-wi)t. (5)

In each case below, we calculate the phonon self-
energy defined by the equation
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I1. SIMPLE TWO-PHONON PRGDUCTION

The lowest-order anharmonic term in (%, w)
which has an interesting frequency dependence is
that corresponding to the simple bubble diagram in
Fig. 1(a), which is shown in Appendix A to be of
the matrix form

(w)=58Y: g (w): ¥, ()
where g‘ ® is the harmonic value of the two ~-phonon
Green’s function

(2 .
G B, n'; mym', 1)

2 (Luln, D’ t), ulm, Outm’, 0260, (®)

which decouples exactly in the harmonic approxi-
mation into

g(Z)(n, n,; m, m,: t)=f(1’l, m,; t)g(n’, m, £)
+f(7l, m, t)g(nly m” t)+g(n, m,9 t)f(m’ n’” ~1)
+g(n, my, fm’, n', =1), (9)

where f(n, m, t)={u(n, Du(m, 0))r is the one-phonon
correlation function. Thus, the Fourier compo-
nents of Eq. (9) are given by the convolution

g8k, k', Ry, kg w)
=[Alk, kAR, ko) + Alk, k2)A(R', k)]
X[ 1f(k, gk, w=2)
+g(k, w=2)f (', —=2)]dz . (10)

This convolution integral is trivial since f (%, z)
has the &-function behavior®
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where n(z) = (" */*T —=1)"!, the Planck distribution
function, and we have used Eq. (5). When we put
this result into Eq. (7) in the % representation

1
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This result is also easily obtained directly from the diagram rules. ®
We then evaluate =(%, w) by putting Eq. (3) into (13), but first we make two changes. We set 7=0, which
has the effect of setting #,. =7, =0, thereby removing the phonon bath and the last two terms in (13) which

correspond to the emission and absorption of one phonon.,

The essential two-phonon production remains.

Also we let the number of atoms N - and replace N1 3.(...) by the integral

(a/27) f_://: de(...) .

Thus we obtain
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where Q= w/w,, and the absolute values are neces-
sary because w, is always positive. " We eliminate
the need for the absolute value on sin3 2’a very
simply by shifting the range of integration from
(=m/a, 1/a) to (0, 27/a), which is allowed since the
integrand of (14) is periodic in 27/a. The remain-
ing absolute value on sini(k —’)a is then removed
simply by breaking the remaining integral into two
parts

fa o [ @

With a little manipulation, =(k, w) is thus put in
the form

[
x[[(k, Q) +1(k, —ﬂ)+l<k--2§, —9>+I<k-g£, 9)],

(15)
where

R s (l s 1 ’
dk’ sin(zk’'a) sinz(k —=k')a
= . 16
1, @) j[; Q+sin(z%’a) +sinz(k - )a (16)
This integral, actually [I(k, Q)+I(k, —Q)], is eval-
uated in a straightforward manner in Appendix B,
with the result

= = Mo v sin®(3 ka)F(k, Q 17
e _ ariad sin(E ka)a 2k, Q) W&y sin®(3ka)F(k, Q) , a7
s 36)= TMPWD, where
J
F(k, Q)=2+5(? —sin® L ka)[ A(coss ka, Q)+ A (- coss ka, @] (18b)
and
B-I/ZC-I[ml(C+B1/2)/(C_BI/Z)[ _ .9( 2_ 2)] f B>0
1 2y M0 (w” = wy or
A(coss ka, g )—{ -2(-B)2C " tan"!C( - B)/2 for B<0, (18b)

with C=1-coska, B=2C~ 9%, and y =167 a2 /(M*w,7), a dimensionless parameter.

The real (solid line) and imaginary (dashed line)
parts of (Mw2)'s(k, w) in Eq. (17) are plotted in
Figs. 2(a) and 2(¢). for y=0.3 (a value correspond-
ing, in order of magnitude, to the anharmonicity
of neon®) vs R =w/w,, for £=0.6 7/a and 0.9 7/a.

The imaginary part of Z(k, w) is nonzero only
along the two branch cuts of the weighted two-pho-
non Green’s function F(k, Q) (or the joint density
of states), which from Eq. (13) is in the region
where w=wy++ w,.,+ can be satisfied. In Fig. 3 we
sketch w, +w,, ¢ vs k' for a given value of k.

From this sketch it is clear that the two-phonon
density of states extends throughout two overlapping
branch cuts in the frequency intervals (w,, 2w,/z)
and (w,, 2W(s-x)s2), Where K=2m/a is a reciprocal-

[
lattice vector. The lower branch points are such

that Im[>(%, w)] is zero for w< w, (and thus does
not give a lifetime to the ordinary phonon peak);
this result is because a finite energy is required to
create two phonons (Maris has previously pointed
out this fact®) and will disappear for 7> 0, where
the last two terms in Eq. (13) contribute. At the
two upper branch points (at 2w, s and 2w(,.x)y2), the
dispersion curve in Fig. 3 is flat so that there is a
critical point in the joint density of states and
-Im[>(k, w)] diverges at these points. This feature
is evident in the result (18) which diverges at B=0,
where

w=w? = V2w, [1+ cost ka]'?
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FIG. 2. Real (solid line) and imaginary (dashed line)
parts of Z (¢, w) and G(k, w) vs w for two values of &,
as given by Eq. (6) and (17). The diagram in the lower
right-hand corner represents the process considered
here.

= Zwm‘ Sin%(k - Zmr/a)al = Zw(k_zn,/a)/z . (19)

A similar effect will occur in three-dimensional
systems at critical points of the saddle-point type,
although the joint density of states will remain fi-
nite.

In the linear chain, the real part of Z(k, w) in
(17) also diverges but on the high-frequency side
of the critical points at wia’. This produces two
resonances in G(k, w), in Eq. (6), as plotted in
Figs. 2(b) and 2(d), at frequencies just beyond

‘2 where the resonance condition

We
Mw?=Mu? -Re[2(k, w)]=0 (20)

is satisfied. This condition, although always satis-
fied at some frequency in the linear chain, cannot
always be satisfied in three-dimensional systems
because Re[z(i, w)] does not become infinite and
thus (depending upon the coupling constant a2) might
not become as large as M(w? = w%). Two possible
cases are sketched in Fig. 4 at frequencies just
above the critical-point peaks in the two-phonon
density of states where the real part of =(k) has a
peak. In the case of small aZ, or small anharmoni-
city, the real part of (&, w) (dashed line) never
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crosses M(w? - w%) (solid line), so that Eq. (20) is
never satisfied and no resonance appears. How-
ever, for large a§-, the peak in the real part of

=(k, w) (dotted line) crosses M(w? —w%) and a reso-
nance develops. Actually, in this latter case
Re[Z(K, w)] crosses M(w?- w$) twice; the lower
crossing is an antiresonance since Im|[>(k, w)] is
so large here, but the higher crossing is a true re-
sonance and can be very sharp.

There is some interference between the two peaks
which is striking because the imaginary part of
>(k, w) is only large on the low-frequency side of
w,‘f’. For the lowest two-phonon peak, there is a
finite lifetime coming from the tail of Im[>(%, w)]
from the upper critical point, whereas (in this cal-
culation) the upper two-phonon peak has an infinite
lifetime (which will undoubtedly be modified by
higher-order terms). This asymmetry causes a
growing of the lower-frequency peak relative to the
upper one as k tends to zero and the two poles sep-
arate. It should also be noted that Z(k, w) in Eq.
(15) reduces as k tends away from the Brillouin
zone toward zero (since it is proportional to sin®3ka
coming from the virtual phonon which is the weak
link in this process) and both resonances disappear.
In three dimensions the resonance might only exist
near the Brillouin-zone edge.

Perhaps the most important feature of the calcu-
lation is the dispersion curve of the poles in G(%, w)
which are shown by the solid curves in Fig. 5. The
dashed curve is the harmonic frequency wy sin ka,
the lowest solid curve is the shifted single-phonon
pole, and the upper two branches represent the
two-phonon production resonances near wy? =2w,/z
and 2w(p.gr/ay72. The uppermost curve at 2w ,.z¢/4) /2
can be thought of as an umklapp branch where two
phonons of 2> 7/2a are created and travel in a di-

rection opposite to that of the virtual phonon. The
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FIG. 3. Two-phonon dispersion curve wpye + wp pe

=gin (% a) + sin (% —&')a) plotted vs &’ for a typical value
of k. The critical points in the two-phonon density of
states correspond to the places of zero slope.
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FIG. 4. Sketch of RelZ (2, w)] vs w, as it might be
expected to appear in three-dimensional systems for
small (dashed line) and large (dotted line) values of 04%,
and M(w? — wi) (solid line ) vs w. The crossing of the
curves corresponds to solutions of Eq. (20). A similar
situation results for solutions of 1—nF(k, Q) =0 which
is a phonon-phonon resonance as is discussed below
Eq. (25).

two branches are degenerate at the Brillouin-zone
boundary, a degeneracy probably broken by higher-
order interactions. For k- 0 the umklapp branch
goes to 2w,, whereas the normal two-phonon branch
goes to 2w, ;= 2(3 ck)= ck, the single harmonic-pho-
non branch as the dispersion disappears. Actually,
in a self-consistent calculation, the normal two-
phonon branch will become tangent to the true one-
phonon curve as k- 0.

In three-dimensional systems, such resonances
will appear if Re[Z(E, w)] becomes as large as
Mw? — Mo near the critical points of the two-phonon
density of states. It might be the case that there
are resonances only in certain symmetry directions
where Re[}:(k w)] is larger due to more k space
within the Brillouin zone about that direction (for
example, for k near zone faces rather than near
zone corners). Also, the simple dispersion rule
w‘-z’N 2wt - )72 might not be expected to hold along
certain symmetry directions due to the phonon fre-
quencies off the symmetry direction.

It seems clear that the above explanation is likely
to be the cause of the extra peaks observed by
Horner? in solid bcc helium, since, except for self-
consistent renormalizations, Horner has calculated
just the simple cubic-anharmonic bubble diagram
of Fig. 1(a). In Fig. 6, we show the dispersion
curves of helium for longitudinal phonons along the
[100] and [110] direction as calculated by Horner.
Superimposed (dashed line) are the values of 2w;/,
and 2w(i.%, /2, Where his values of wi have been
used. The agreement with his extra peak is re-
markable considering the formula can only be qual-
itative for three-dimensional systems. Horner
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does not report the extra umklapp peak, presum-
ably either because he did not study this frequency
range or because this peak disappears rapidly as

k tends to zero. Also, there seems to be no funda-
mental reason why such peaks might not also occur
for transverse branches.

For neon, Goldman et al. ! also report an addi-
tional peak at the Brillouin-zone edge. They have
also included, however, the quartic phonon-phonon
interaction bubbles in Fig. 1(c), so we thought,
perhaps, their peak could be explained via a pho-
non-phonon resonance or bound state. The position
of their extra peak is somewhat below the simple
dispersion law w- ) = 2wy, even though, perhaps, it
is not 1ncon51stent with the simple explanation above
(it being a three-dimensional system). Therefore,
in Sec. I we calculate analytically, for our model,
the effect of a phonon-phonon bound state on the
two-phonon production peak. Inelastic-neutron-
scattering experiments are presently in progress
to look for these extra peaks in neon. 10

It should be noted at this point that Cowley has
previously suggested that structure in the real and
imaginary parts of =(k, w) due to the two-phonon
Green’s function could give rise to structure in the
neutron-scattering cross section. 1 This is actual-
ly what is being suggested here in a somewhat more
dramatic fashion.

The new suggestion here is that two acoustic
phonons can be produced via an intermediate virtual
acoustic phonon. This particular process is absent
at 2= 0 due to the virtual acoustic phonon and hence
is not observable by optical experiments. Never-
theless, closely related processes have been ob-

T T T T T T T T
L (2) 4
L wk 2(i)k—Zﬂ/cu i
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L 4
10~ IR
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M B ///
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- //// .
0.5 & OJk —
o 1 1 1 1 | L 1 1 L
ka/T 0.5 1.0
FIG. 5. Dispersion curves (solid line) of the poles in

G(k, w) vs k for the simple two-phonon production (the
lowest curve is the frequency-shifted single-phonon curve)
and the harmonic pole (dashed line).
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served in polyatomic crystals involving an optic
virtual phonon in quartz12 and involving librons in
solid hydrogen. '* Furthermore, the resonances
calculated here are produced by structure in the
two-phonon density of states and hence essentially
coincide with direct two-phonon production process-
es such as in second-order optical experiments'*
and in two-phonon inelastic neutron scattering. A
related process whereby two phonons are produced
directly which subsequently merge into a single
phonon has been considered by Ambegaokar et al. *®
and will also coincide with the above processes ex-

perimentally. These authors estimated the size

of their terms and decided that they were small
enough not to be resolvable by inelastic neutron
scattering for lead, '* which must also be true for
the process calculated here. Perhaps, however,
more anharmonic materials such as helium and
neon will exhibit these peaks, as seems possible
since they were easily resolvable in the calculations
of Refs. 1 and 2.

Finally, it should be noted that, although we have
restricted our discussion so far to two-phonon
production, the qualitative effect of n-phonon pro-
duction is easily discovered. In z-phonon produc-
tion, the resonance, if it exists, is produced by struc-
ture in the n-phonon Green’s function. The peaks, or
critical points, in the n-phonon Green’s function
are easily analyzed for our linear chain model.
They occur at extrema in the dispersion curve of

21)

wkl + (Ukz +eoo+ wkn_l + “-’k-(krkz*""kn-l) )

the quantity which appears in the denominator of
the n-phonon Green’s function, plotted versus #,,
Bayss sy by Writing w,= w, sin ka and setting all
the partial derivatives of (21), with respect to &,
kaye .., ky.1, equal to zero gives immediately that

the critical points of g"(w) occur at
w;n) =NW(p-K)/n s (22)
where K is any reciprocal-lattice vector. The low-
est branch of » production occurs at a frequency
wy™ =nw,, which lies (for all ) between the one-
phonon dispersion curve and the straight-line tan-
gent at k=0 with the velocity of sound. Thus, in
this lowest branch at nw,,,, the multiphonon pro-
duction (for all n) get crowded into a relatively
small region. Nevertheless, these higher-order
terms probably are small.

III. TWO-PHONON PRODUCTION WITH PHONON-PHONON
RESONANCE

It has been predicted and reported that phonon-
phonon (or roton-roton) bound states or resonances
exist in liquid helium? and in anharmonic solids. *
Recently, Ruvalds has suggested they also might
exist in solid helium. ® Therefore, it is instructive
to calculate analytically the effect of a possible
phonon-phonon resonance on the two-phonon produc-
tion peak. This effect requires summing the class
of diagrams shown in Fig. 1(c) where the two pho-
nons repeatedly interact via the quartic interaction.
This class of diagrams has also been summed by
Goldman et al.! in their neon calculation. This cal-
culation proceeds in the same manner as that of
Sec. II by letting T=0 (so that the calculation can
be done analytically) and neglecting those processes
which are not of direct interest here.

The self-energy =y including those diagrams of
Fig. 1(c) can be derived by using an equation-of-
motion technique (including quartic terms) similar
to that described in Appendix A for the two~phonon
Green’s function in Eq. (A5) that appears in the
self-energy. Neglecting all terms except those
that give repeated bubbles, one finds, in matrix
notation,
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Z)R(w) - %9(3): g(2)(‘0) . 2(3)

+ 4(1/3!

where the colon indicates a double contraction on
the indices. In % representation the matrix ele-
ments of (23) are (except for umklapp scattering
for the moment)

Zrlk, @)

1 2, )|g 1 0 (@
N? EELS R kZ ey
2

1
X <‘I>;§?iz+éﬁ' 24523.’% g(z’ o4 +>] , (24)

where g(z’, fb,ﬁf’gl, and <I>“’k2 are short notations

for gz LokeRys @) (% 0y -kp)s and é(-kl,kl-k,kz.k-kz)’
respectlvely This series is geometric and simple
to sum for our linear chain model since both o
and & are separable in Eq. (3b), after the &
function is satisfied. Thus we find immediately
(as N- =) that Eq. (24) becomes simply Eq. (17)
with a denominator, or

- Mw?y sin®(3ka) F(k, Q)

1-nF (. Q) ’ (25)

Zelk, Q)=

where
n=16%a, /(61 Mw?),

and where F(k, Q) is defined in Eq. (18), which is

the weighted two-phonon Green’s function that we

have evaluated above and which gave us the struc-
ture before,

Thus, we plot Tz (¢, w) in Fig. 7for n=+0.5, a
value (a few times larger than the value for neon®)
which was chosen to clearly illustrate the effect
of the phonon-phonon bound state. The value of
must be positive (corresponding to repulsive forces)
to produce a phonon-phonon bound state, since the
phonon-dispersion curve has a negative curvature
corresponding to a negative effective mass., Fig-
ure 7 contains a repetition of the calculations
shown in Fig. 2 for the simple two-phonon produc-
tion, but including the denominator [1 -7 F(z, )]
in =(%, Q) as in Eq. (25).

Perhaps the most striking feature is that the
phonon-phonon bound state shifts the two-phonon
pole in G(2, w) only very slightly (to order a,)
from its frequency in the simple two-phonon pro-
duction. This resultis because the two-phonon
bound state (and hence the pole) occurs very near
the same peak in the two-phonon Green’s function
F(k, Q) that produced the previous structure, A
situation similar to that in Fig. 4 again results in
three-dimensional systems where the phonon-
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g® . aW.g® .5 +1(1/31)29W:g

leo

), QM) g(z):é('!) (2),@(3)+... (23)
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phonon resonance occurs where F(k, ) (like the
dashed line in Fig. 4) crosses the horizontal line
of value one, Therefore, we do not plot the new
dispersion curve for the two-phonon poles in
G(k, Q) because they are shifted very little (the or-
der of 1%) and stay near 2w,.x,,, in our linear
chain. The small shift caused by this resonance
is in such a direction as to shift the lower two-
phonon peak to lower frequencies and the upper
peak to higher frequencies. It should be noted,
on the other hand (as is evident by comparing Figs.
2 and 7), that the single-phonon frequency is
shifted upward significantly (about 10%) by the
phonon-phonon resonance.

The phonon-phonon resonance always occurs
at some frequency in the linear chain model, be-
cause 1-7 F(k, 2)=0 can always be satisfied.
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FIG. 7. Real (solid line) and imaginary (dashed line)
parts of Z(k, w) and G(&, w) vs w, for two values of &,
as given by Egs. (6) and (25). The diagram in the lower
right-hand corner represents the process considered
here.
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This is because the two-phonon Green’s function
becomes infinite at its critical points. In three-
dimensional systems this behavior will not always
be the case and a critical value of a, will be neces-
sary to produce the bound state., From the nu-
merical calculations of Goldman, Horton, and
Klein, it seems there is no phonon-phonon reso-
nance in neon, although the simple two-phonon
production resonance does appear clearly.® It is
possible, however, that phonon-phonon resonances
do exist in solid helium. The effect of the phonon-
phonon resonance on the two-phonon production
peak is primarily to enhance it (or, perhaps, to
make it appear, if ajis small and a, is large
enough to produce the resonance). It usually seems
that the cubic (@2) and quartic (e,) anharmonicity
are about the same order of magnitude and the two

effects discussed here appear nearly simultaneously.

It would seem nearly impossible by one-phonon
inelastic neutron scattering to conclude that the
phonon-phonon resonance or bound state exists,
even if these extra peaks are seen.

However, direct two-phonon production can be
greatly enhanced by the phonon-phonon resonance,
Second-order optical experiments such as those
of Ref, 4 clearly seem to be the best tool for this
measurement since they also have the resolution
to measure the shift (of order a,) in the two-pho-
non production or the phonon-phonon binding en-
ergy.

Finally, it should be noted that an 7 of the wrong
sign will attenuate or destroy the two-phonon
production peak in contrast to the enhancement
described above.

Note added in proof. R. A. Reese, S. K, Sinha,
T.O. Brun, and C. R. Tilford (unpublished) have
recently studied the inelastic neutron scattering
by hcp helium and report considerable structure
in the neutron groups at high frequencies which
seems likely to be due to two—or higher—phonon
production that might be explainable by structure
in the two-phonon Green’s function as discussed
here.
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APPENDIX A

In this appendix we derive the self-energy (2, w)
corresponding to the simple bubble diagram of
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Fig. 1(a) by an equation-of-motion technique. We
first differentiate Eq. (4) with respect to ¢ to ob-
tain
8Gm,m,t-¢t") 1 ’
5 =27 Ko, O);ulm, £°)))

= 57 (L6, 0, utm, €D 0~ 1"), (A1)

where we have used the equation of motion

ouln) .o\ _pn)
5 = @) [uln), H) =37
which follows from the Hamiltonian (1). Then dif-
ferentiating again,
92Gn,m,t—t")
ot2
8(t—t')6 1 '
= - - s é - t
———-——mM i ; (n,1)G{U,m,t )

- 2M) 258 1, ) ull, ) uly, t);ulm, t")),

lyr
(A2)
where we have used the equation of motion

pm) -
~of = (@n) [p(n), H]
= —zZ ®n, u(l)- 32 ¥, Lv)u@)ulr),
Ter

which follows from (1) with the neglect of the
quartic term (we neglect the quartic term at this
point because it does not lead to important frequen-
cy structure at our stage of anharmonic approxi-
mation), and where 6(¢ -~ t') comes from differen-
tiating the step function 6(f - #'). The Fourier
frequency components of Eq. (A2) satisfy the equa-
tion

27 [Mw?s(n,1) - ®(n,1)]GU,m,w)
1

= Opm+3 20 8P, 1, 7){u@)ulr);ulm)),. (A3)
Iyr

To evaluate the last term on the right-hand side in
(A3), we find the equation of motion of {u(l,#)u(r,?);
u(m, t’))) by differentiating twice with respect to

', which gives

~678;2§((u(l L Dulr, t);ulm, t')))
= M (D)) 78+ () 1 8y} 0= £)
-M ?«u(l, BHulr, t);uls, ') &(s,m)
-@My 2 G®(,r;s,5,t~t") 8% (s,j,m),
" (A4)

where G? is defined by Eq. (8). We neglect the
term in square brackets'in (A4) which is propor-
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tional to {#) and gives the thermal expansion. This
term is generally nonzero with cubic anharmonicity
but could be made to vanish by adjusting the lattice
spacing self-consistently to account for thermal ex-
pansion: in any case, it is neglected here because
it does not have a strong frequency dependence.
Thus, the Fourier components of (A4) satisfy

2 u@)ulr); u(s)) , [Mw? by, = (s, m)]
S
:% ZG(Z)(l,'r;s,j,t—l")@(a)(s,j,m) . (As)
sid
The substitution of (A5) into (A3) leads immediately
to

Gw)=g(w)+8w)[18°:G®(w): 2] g(w) (46)

in matrix notation, where g (w)=(Mw? - &)™ is the
harmonic one-phonon Green’s function. Clearly
the quantity in square brackets in (AB) represents
T(w), the T matrix for scattering of phonons by
cubic anharmonicities, and is exact (except for the
thermal expansion). The self-energy Z(w) con-
sists of the irreducible parts of T(w). The lowest-
order such part is simply $&‘®:g®(w): 8‘®, which
gives the simple bubble diagram and Eq. (7).

The quartic phonon-phonon resonance of Eq.
(23) can be obtained by considering the equation of
motion of G®(w) in (A6), in the presence of quartic
anharmonicities and keeping only those terms cor-
responding to the diagrams of Fig. 1(c).

P. L. LEATH AND B. P. WATSON
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APPENDIX B

The integral (16) can be evaluated in a straight-
forward manner by first rewriting the denomina-
tor of the integrand in the form

Q+sin 3k'a+sinz(k -k )a=Q+(2C) 2sin(z#’a + 9),
(B1)

where C=1-cos(: a), and siné = (sin} ka)/(2C)*'2,

Then we change variables letting x = 3k’a+6, and
with some manipulations obtain

Ik, Q)+IEk, - Q)=2a"1(2C)™/2

QZ_ s 2Lk
x[2(20)1/2+ =5 (@ (- n)]] ,
(B2)
where
ka/240 dx sinx
-Q)= i ooyl
I (R) +J, (= Q) Zj; sinZx — Q2(2C)

cosé du
22[ I=n2ee)] - * (B3)

cosé

which is logarithmic or an arctangent depending
upon whether Q% - 2C is less or greater than zero,
respectively. The result can be found in any in-
tegral table and gives Eq. (17) immediately.
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